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Preface
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viewed from different aspects, with my contribution being mathematical and physical.
I will like thank my supervisors Nick and Jesper, together with and Jon and Michelle, for helping me
understand the universe of packaging meat.
1
Abstract
This thesis seeks to find how the effective diffusivity of oxygen in meat is affected with the distribution
and concentration of fat. Meat is considered as a simple composition of muscle and fat, where these are
assumed to be homogeneous substances. The diffusion process through meat is modelled by two physical
considerations: a flux driven by a gradient in the chemical potential, and by Fick's first law (flux driven by
a concentration gradient). The effective diffusivity of oxygen in meat, is obtained by solving the diffusion
equation numerically, for seven distributions and concentrations of fat. From the results obtained from the
diffusion model with Fick's first law, the effective diffusivity of oxygen in meat, showed little dependence
on the fat distribution. However, when the diffusion process was modelled by considering a gradient in the
chemical potential, the results were affected by the distribution of fat. It is concluded that Fick's first law is
not sufficient to model oxygen diffusion through meat. Two mixing models are presented: the serial model
and the parallel model. The purpose of these, is to predict the effective diffusivity. It is shown that for the
fat distributions included in this thesis, that the mixing models were upper and lower bounds, for the values
of the effective diffusivity of oxygen in meat.
Resume
Dette speciale søger at undersøge hvordan den effektive diffusivitet af oxygen i kød, bliver påvirket når
distributionen og koncentrationen af fedt ændrer sig. Kød bliver betragted på en simpel måde: en komposition
af muskel og fedt, hvor det antages at muskel og fedt er homogene stoffer. Diffusions processen gennem kød,
er modelleret på to måder: ved en flux drevet af gradienten i det kemiske potentiale, og ved Fick's første lov
(flux drevet af gradienten i koncentrationen). Resultaterne udregnet fra diffusions modellen ved Fick's første
lov, viser den effective diffusivitet af oxygen i kød, meget lidt afhængighed af hvordan fedtet er distribueret.
Ved at betragte resultaterne når diffusionen er modelleret ved gradienten i det kemiske potentiale, ses der en
klar afhængighed af distributionen af fedt. Det bliver konkluderet at Fick's første lov ikke er tilstrækkelig,
når diffusion gennem kød skal modelleres. Two blandings love er præsenteret: serie modellen og parallel
modellen. Formålet med disse blandings love er at udregne den effective diffusivitet af oxygen i kød. Det
bliver klart at disse blandings love er øvre og nedre grænser for de værdier den effecive diffusivitet tager for
oxygen gennem kød.
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1 Introduction
The extension of shelf life for various products is an attractive study, especially for products with short
shelf life such as meat. One way to extend the shelf life of products is by storing them in a atmosphere
different from air.[1][2] Packaging products in an atmosphere with a gas composition different from air, is
called modified atmosphere packaging (MAP). The composition of gases used in MAP varies with the type
of product.[1] [2][3][4] MAP is used for products which are fresh or minimally processed.[5] Some examples
are fish, cheese, and fresh meat.[6][7][8] MAP is recognized as one of the most effective methods of extending
the shelf life of fresh meat. [7] Some of the advantages achieved by prolonging the shelf life of products using
MAP is, that it is cost effective, product enhancing, and the possibility of wider distributing.[1]
The three gases that are the most commonly used in MAP are oxygen, carbon dioxide, and nitrogen. Carbon
dioxide is considered the most important gas in MAP, because it inhibits the bacterial growth. Nitrogen is
used primarily as a filler because it is tasteless and do not engage in unwanted reactions. Micro-organisms
need oxygen to grow, which for many products means that a high oxygen level is unwanted. However, for
some products the presence of oxygen is essential, for example in packing red meat where oxygen is needed
to maintain the red bloom. High oxygen MAP has an oxygen level in the range of 80%− 90%.[4][9][10] For
the costumer the red colour of beef is associated with good quality. [2][10]
With a high oxygen atmosphere, the shelf life of beef is reduced, compared to beef stored in atmospheres with
high carbon dioxide percentage. This is due to the oxidation of fatty acids, which lead the meat to become
rancid and spoiled, and the growth of aerobic bacteria.[9][4] By adding carbon dioxide to high oxygen MAP,
the carbon dioxide inhibits the bacterial growth, while the oxygen keeps the colour stable.[3] Using MAP
with oxygen levels from 55% to 80% has shown to be a stable level to maintain good meat colour, but the
high oxygen level has significant effect on the quality parameters such as the rancid flavour.[11]
The important factors of determining the shelf life of fresh meat are the colour, microbial growth and the
lipid oxidation.[11] Studies have been carried out, with the purpose of modelling the bacterial growth on the
surface of meat, in order to predict the shelf life.[12][13][14]. If it is known how long it takes for the oxygen to
transport through meat, this could prove useful in determining the shelf life. The oxygen in the head space
of the packaging is absorbed into the stored meat, due to a difference between the chemical potential on the
surface and within the meat. The time it takes for oxygen to transport through meat can be determined by
the diffusivity of oxygen in meat. The diffusivity of oxygen in meat is a measure of the rate by which oxygen
spreads, however the literature on this subject of is limited.
Meat is not a homogeneous structure, but rather a composition of several tissues which all have may have
different diffusivity of oxygen.[15] This means that the diffusivity of oxygen in meat, possible varies with
distribution and concentration of the different tissues in each meat sample. Figure 1.1 shows a picture of
steaks with apparent different phases and structural properties is shown.
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Figure 1.1: Picture of steaks with visible structural properties
By a crude assumption, two visible tissues are distinguished from figure 1.1: muscle tissue and visible adipose
tissue (fat). Muscle tissue and adipose tissue are substances with heterogeneous structure; a composition of
different substances which can vary in distribution and concentration.[16] By assuming that muscle tissue
and adipose tissue are substances with a homogeneous structure - muscle and fat - and the diffusivity of
oxygen in those are known, a transport can be created.
Diffusion is a macroscopic theory, describing the random movement of particles in a system. The diffusion
equation is a continuous partial differential equation, which models the random movement of particles. This
equation can be used to model the transport of oxygen through muscle and fat, thus the transport through
meat composed of these - Effective diffusion. The solution to the diffusion equation, is the concentration as
a function of time and position. Solving the diffusion equation analytically for homogeneous systems is not
simple, an in a heterogeneous system it is even harder. The diffusion equation can be expressed in a discrete
form, which makes it possible to calculate the concentration of oxygen in meat by an iterative process, for
different distributions and concentration of muscle and fat. This can be implemented in Matlab, which
simplifies the process of obtaining the solution. With the solution to the diffusion equation, it is possible
to obtain the diffusivity for meat composed of the two tissues. This is called the effective diffusivity. If the
effective diffusivity for oxygen in meat is calculated for a variety of distribution and concentrations of fat, it
is possible to determine how the effective diffusivity is affected.
Simple mixing models can be suggested, with the purpose of predicting the effective diffusivity of oxygen
in meat solely from knowing the fat percentage. As the effective diffusivity of oxygen in meat, is already
calculated from the solution to the diffusion equation, the values of these can be compared to the mixing
models. By this comparison, it is possible to see to what extend the mixing models predicts the effective
diffusivity.
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1.1 Problem Definition
What effects does the structure of meat, specifically the distribution and concentration of fat, have on the
effective mass transport of oxygen in fresh meat?
-To what extent can the effective diffusivity be modelled by simple mixing rules?
1.2 Method and Structure of the Thesis
Four chapters are presented in this thesis, which enables a discussion of which effect the distribution and
concentration of fat, have on the effective diffusivity i meat, and if the mixing models to some extend predicts
it.
1. Composition and Characteristics of Meat: In this chapter it is described what meat is, its
composition, the assumptions made in order to create a simple model of it, and how the meat model is
defined.
2. Mass transport: This chapter is a description of what drives the oxygen transport. This thesis
considers two physical driving forces, which is used to derive the diffusion equation.
3. Mathematical modelling: This chapter has three main section: (1) the analytical solution to the
continuous diffusion equation, (2) a discretization of the diffusion equation, an illustration of how the
solution is obtained from the iterative process, and how the effective diffusivity is obtained from that
solution. (3) A presentation of the mixing models.
4. Results: This chapter presents the effective diffusivity of oxygen in meat in order to show the effect
that fat distribution and concentration have on the effective diffusivity. These result are compared to
the two mixing models, which illustrates the extend they predict the effective diffusivity of oxygen in
meat.
1.3 References
In the text, references is indicated with brackets and a number, which is an index to the related reference
[number]. The references are listed in the order they appear in the thesis.
1.4 Matlab Scripts
All the Matlab scripts is written by me, and is found in appendix 9.4.
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2 Composition and Characteristics of Fresh Meat
This chapter begins with section 2.1, where it is described what fresh meat is and how it is composed. In
this thesis fresh meat is considered to be composed of muscle tissue and adipose tissue (fat) - for reasons
elaborated throughout the text.
In order to model the oxygen transport in fresh meat, the diffusivity -and solubility of oxygen through muscle
tissue and adipose tissue must be known. These constants are presented in section 2.2.
The last section (section 2.3) describes the model of fresh meat, which will be worked with in this thesis.
2.1 Fresh Meat and its Composition
The animal carcass is not eaten immediately after slaughter, but goes through a process of chemical changes
which converges the muscle into meat. The time this process takes is dependent on the species, but usually
lays in the range 1 21 days. There are three main process' taking place in the transformation from muscle
to meat.[17]
1. Muscles acidity - In the process of converging from muscle to meat, the pH levels drop from approx-
imately 7.0 to 5.5.[18] If this happens rapid, the meat can turn pale or dark[17][19]
2. Rigor mortis - This is when the muscles stiffens. This process influence the tenderness of meat.[17][19]
3. Ageing - In this process some of the structural properties of the muscle tissue is weakened. It is during
this process meat becomes tender and the flavour improves.[17][19]
The pigment that gives meat its red colour is the protein myoglobin. At slaughter the myoglobin is saturated
with oxygen, creating oxymyoglobin which is bright red. After slaughter myoglobin is predominant in meat.
Depending on the conditions such as the partial oxygen pressure, pH value, and how the meat is stored,
met-myoglobin can be formed. Met-myoglobin is the oxidised form of myoglobin which causes the meat to
brown.[17][19]
Fresh meat is a composition of four different types of tissue that are found in the animal body; Muscle tissue,
Epithelial tissue, Nervous tissue and Connective tissue. The primary part of what meat is composed of, is
muscle tissue. [17][20] In mammalian muscle, there is a high water and protein percentage after rigor mortis.
About 75 % of the muscle is water, 19 % is proteins. Other than that, there is approximatly 2.5% lipids, and
small ammounts (0.1%-0.35%) of soluble constituents. [15]
Epithelial tissue and Nervous tissue
The epithelial tissue is usually removed in the slaughtering process. This tissue is partly the reason for
the crispness and characteristic flavour known from fried chicken. Most of the epithelial tissue, that is not
removed, is associated with blood -and lymph vessels, and edible organs.[20]
Thenervous tissue constitutes less than one percent of meat, but its function prior and during the slaughtering
process may have an important influence on the meat quality.[20]
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The epithelial -and nervous tissue are neglected in the modelling of meat as the epithelial tissue is usually
removed, and the nervous tissue constitutes a very little part of meat.
Muscle tissue
The muscles can be categorized in three ways: skeletal muscle, smooth muscle, and cardiac muscle. Smooth
muscle is primarily a component of blood vessels, and sometimes appear in small amounts in meat. Cardiac
muscle is confined to the heart.[21] Skeletal muscle is the primary constituent in meat.[17][20] In the forward
study, meat is considered to consist of only the skeletal muscle.
The skeletal muscle is attached to bone or other connective tissue. In figure 2.1 the skeletal muscle is
illustrated, with some of the constituents displayed as the scale gets smaller. The Epimysium is a connective
tissue that surrounds the muscle, while the Perimysium and Endomysium are connnective tissues within the
muscle.[21]
Figure 2.1: Illustration of the skeletal muscle [20]
The skeletal muscle is made up of muscle cells/muscle fibers. The muscle cells appear striated, and its shape
is long and cylindrical. In figure 2.2 the muscle cells are illustrated. On the periphery of the muscle cell there
are multiple nuclei placed. The Nuclei do not appear with the same frequency.[21]
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Figure 2.2: Illustration of the muscle cell [21]
The structure of the skeletal muscle is inhomogeneous, which is also evident in the illustration (figure 2.1 and
2.2). The structure of the skeletal muscle varies, dependent on which animal it is collected from, and where
on the carcass.
The connective tissue
The connective tissue can be divided into different classifications, in which then focus for in the following is
conective tissue proper and supporting connective tissue.[16] The predominant kinds of connective tissue in
meat are:[20]
1. cartilage and bone which are supporting connective tissues. Bone and cartilage are elements which are
apparent in some cuts of meat. Bone is a solid tissue, while cartilage is a semisolid connective tissue.
[20][16] in the further work I will neglect, that bone -and cartilage's presence in meat.
2. connective tissue proper, which defines a variety of connective tissues. The connective tissue proper
envelopes the muscles cells, the bundles of muscle cells, and the muscles themselves; the Epimysium,
Perimysium and Endomysium (illustrated in figure 2.1). The connective tissue proper can be classified
in two ways; loose and dense. The adipose tissue (fat) is under the classification, loose connective tissue
proper, and is one of the predominant tissues in meat. The adipose tissue consists of relatively few
fibers, which creates a network with numerous spaces filled with a structureless mass called the ground
substance, and fluid. [16][20]
This study is focused around how the fat is structured, and will therefore focus the adipose tissue.
There are two types of adipose tissue: brown and white. For most mammals brown adipose tissue disappears
or is transformed to white within a few weeks after birth. Therefore the type which are normally found in
adult mammals is white adipose tissue. [20][16]
The adipocytes (fat cells) are found in the ground substance. [16] The accumulation of numerous of adipocytes
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make up the primary part of the adipose tissue. [22] Adipocytes store large ammounts of lipids, such as
triglycerides, which take up almost all of the cell. The composition of adipocytes is mostly of large triglyc-
eride molecules with relatively little water. [20][21][23][24][25] Like the structure of the skeletal muscle, the
structure of the adipose tissue is inhomogeneous, which means that two samples of adipose tissue is not
guaranteed to have the same structure.
Visible fat in meat is subcutaneous fat which is under the skin, fat between the muscles called intermuscular
fat or seam fat, and fat between the muscle fiber bundles (within the muscle), called intramuscular fat, also
known as marbling or intramuscular triglycerides.[20] The ammount of intramuscular fat is 4-8%.[26][27]
Composition of beef
We have reduced the constitutes in meat down to two substances - muscle tissue and adipose tissue. However
muscle -and adipose tissue are heterogeneous substances, which could mean that there is different composi-
tions of those present in meat. A simple illustration of how the structure of a beef would look like, under the
assumption that it consists of different muscle tissues and adipose tissues, is shown in figure 2.3. The beef
is composed of seven substances, where the red colours refers to muscle tissue, whilst the grey to adipose
tissue.
Figure 2.3: Crude illustration of a beef composed of seven substances; red colours refers to
muscle tissue (substance 1, 4 and 7), whilst the grey to adipose tissue (substance 2, 3, 5 and 6).
With a broad assumption, that muscle tissue and adipose tissue are substances with homogeneous structures,
meat becomes a composition of these two substances instead. In the further work these tissues are referred
to as muscle and fat.
2.2 Diffusivity and Solubility of Oxygen in Muscle and Fat
Because the literature on the subject of diffusivity -and solubility of oxygen in meat is limited, the values are
chosen by some assumptions presented in this section.
Because muscle primarily consist of water after rigor mortis, the diffusivity of oxygen in muscle, is assumed
to be the diffusivity of oxygen in water [28]
Dmuscle ≈ 154 · 10−11m
2
s
(2.1)
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This is a crude assumption. Besides the fact that muscle is not water, this simplification implies that the
structure is homogeneous, which we now is not true. However, by the fact that the water percentage is high,
this is the value used in the modelling work in this thesis.
In literature the diffusivity for oxygen in lard is available for temperatures in the range 0 − 10◦ C. Lard is
obtained from rendering the adipose tissue of pigs.[29] Measuring the diffusivity for oxygen in lard, is an
uncertain procedure which is causes the value to have a large uncertainty. However, as the diffusivity of
oxygen in fat (in meat) is unknown, we assume the effective diffusivity of oxygen in meat is the measured
diffusivity of oxygen in lard.[30]
Dfat ≈ 4 · 10−10 m
2
s
(2.2)
The relation between the diffusivity of oxygen in muscle and fat is
Dmuscle
Dfat
=
154 · 10−11
4 · 10−10 = 3.85 (2.3)
The diffusivity of oxygen in muscle is almost 4 times the diffusivity of oxygen in fat, which is the relation
used in the further work.
There is a difference in the solubility of oxygen in water and in fat. The solubility of oxygen in fat is
consistently around six times as large as the solubility of oxygen in water, whatever temperature.[31] We
assumed the diffusivity of oxygen in muscle tissue was the one of oxygen in water, the same will be done for
the solubility.
Smuscle
Sfat
=
1
6
(2.4)
2.3 Model Structure of Meat
Before we can move forward to the modelling work, we must known how meat is modelled, so it can be
implemented into Matlab as a part of the numerical solution.
The meat samples which we will consider oxygen diffusion through are squares, with the characteristics
discretized into grid-points. This idea is illustrated in figure 2.4, where all the point placed in the red area
refers to muscle, and the point in the grey area, to fat.
Figure 2.4: The model structure of meat
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3 Mass Transport
In this chapter we shall study mass transport and what drives it. The diffusion equation can be written is
a partial differential equation which describes the density dynamics in a system. The gradient of the mass
density is then considered as the driving force to the diffusion.
This can be rewritten, so instead of of the mass density, the particle density/concentration is considered.
Because the only component diffusing is oxygen, the mass density can be expressed as the product between
the mass of oxygen m and the particle density/concentration c =
N
V
.
ρ = m
N
V
= mc (3.1)
where N is the number of particles and V is the volume. Then the gradient in mass density is written as
∇ρ =∇(mc) (3.2)
The mass is constant, thus
∇ρ = m∇c (3.3)
Rewriting the mass density this way, the driving force is a gradient in the concentration. Equation 3.3 models
the flux if random thermal motion of particles in a system, which we will be working with from now on.
We will be considering two physical driving forces, namely:
1. The chemical potential gradient. (3.2.1)
2. The concentration gradient (section 3.2.2)
Diffusion is an irreversible thermodynamic process which means that the particles tend to spread from high
concentration areas to low, and very unlikely to spread from low to high concentration areas.[32][33]
The diffusion equation can be derived from the continuity equation, which states that a change in concentra-
tion is due to a concentration/particle flux, in or out of the system i.e. no particles can emerge or disappear
from the system. The continuity is derived in section 3.1.
The two different considerations of what drives the transport, implies two ways of expressing the concen-
tration flux. In section 3.2.1 the diffusion is due to a gradient in the chemical potential. The flux and the
chemical potential is in this case related by a constitutive relation. The flux derived from the constitutive
relation will be referred to as the generalized flux equation.
The other physical driving force considered, is a concentration gradient in the system. The flux can then
be expressed by Fick's first law of diffusion, which will be shown to be a special case of the generalized flux
equation. Fick's first law is presented in section 3.2.2.
In section 3.3 the diffusion is derives, and in section 3.3.4 the equation is written in dimensionless form.
3.1 Continuity Equation
The following derivation of the continuity equation is based on a similar derivation in Griffiths' Introduction
to electrodynamics.[34]
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If we assume that the concentration/particle density is conserved, and we define a velocity field which
describes the flow of concentration V(r, t), then the flux can be expressed as
J(r, t) = c(r, t)V(r, t) (3.4)
with r = (x, y, z). The velocity field can be defined to describe the bulk motion (u) like a water flow, and a
thermal motion (v) like the random movement of particles.
V(r, t) = v(r, t) + u(r, t) (3.5)
However, because diffusion describes thermal motion - not bulk motion - the velocity field is reduced to
V(r, t) = v(r, t).
For any volume E ∈ R3, the total number of particles in E, NE is
NE =
∫∫∫
E
c(r, t) dV (3.6)
For the total number of particles to be conserved in E, the following equation must hold
d
dt
∫∫∫
E
c(r, t) dV = −
∫
∂E
J • da (3.7)
The left side is the change in the total number of particles in E over time. The right side is the the total
number of particles flowing out through the boundary ∂E, obtained by integrating the number of particles
flowing through each infinitesimal area da. The minus sign is a consequence indicates the flux is out of the
system.
The divergence theorem states [35] ∫
∂E
J • da =
∫∫∫
E
div(J) dV (3.8)
combining equation 3.7 with the divergence theorem with
d
dt
∫∫∫
E
c(r, t) dV +
∫∫∫
E
div(J) dV = 0 (3.9)
By the fundamental theorem of calculus, this is rewritten (see appendix 9.1 for proof)∫∫∫
E
∂
∂t
c(r, t) dV +
∫∫∫
E
div(J) dV = 0 (3.10)
⇒
∫∫∫
E
(
∂
∂t
c(r, t) + div(J)
)
dV = 0 (3.11)
Applying the definition of continuity, if (
∂
∂t
c(r, t) + div(J)
)
> 0 (3.12)
then for a point a ∈ E, the following must hold (see appendix 9.2 for a rigorous proof)(
∂
∂t
c(r, t) + div(J)
)
(a) > 0 (3.13)
which contradicts equation 3.11, as the integral is different from zero. The same goes for the inequality(
∂
∂t
c(r, t) + div(J)
)
< 0 (3.14)
Which implies
∂
∂t
c(r, t) + div(J) = 0 (3.15)
Equation 3.15 is called the continuity equation expresses that no particles can disappear or emerge, only a
flow of from one position to another can occur.
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3.2 Expressing the Concentration Flux
3.2.1 The Generalized Flux Equation
The particle flux due to a gradient in the chemical potential is modelled by a constitutive relation; the particle
flux is proportional to the the gradient in the chemical potential, with the constant of proportionality being
the coefficient M, which is an expression of the strength of the driving force, and the mobility of the particle
movement.[36][37]
J = −M∇µ (3.16)
For a given substance in a mixture with the pressure p, temperature T and amount of other substances n′
held constant, the chemical potential is defined to be the partial molar Gibbs energy (partial derivative of
Gibbs energy with respect to the amount of the j'th component j).[38]
µj =
(
∂G
∂nj
)
p,T,n′
(3.17)
Gibbs energy is a measure of how much energy stored in a system are free to do work. At constant temperature
and pressure, the system drives towards minimumGibbs energy.[39] When the Gibbs energy is at its minimum,
the system is in steady state;
∂c(r, t)
∂t
= 0.
Oxygen can be treated as an ideal gas. The chemical potential for an ideal gas is [38]
µ = µ−	− +RT ln
(
p
p−	−
)
(3.18)
where T is the temperature, R is the gas constant, and µ is the standard chemical potential; the chemical
potential of the ideal, gas at the reference pressure.
Ideal-dilute solution
In the theory of mixing liquids, ideal-dilute solutions is introduced. If the amount dissolved is much less than
the substance it is dissolved in, the solution is said to be dilute. For such a solution the pressure of the solute
is proportional to its mole fraction xA, with the constant of proportionality being HA. This is Henry's law
[38]
pA =
xA
HA
(3.19)
At steady state the chemical potential of a substance present as vapour (instead of liquid), must be equal to
the chemical potential in the liquid.[38][32][40]
The relationship between oxygen and the partial pressure and the maximum concentration dissolved in food
is described by Henry's law, and is widely accepted for oxygen solubilization in food products.[31][41] This
gives an equivalent expression to equation 3.19
pA =
cA
SA
(3.20)
where cA is the amount of concentration of the solute A, and SA is the solubility of A in in the solvent.
With equation 3.20, the chemical potential is, for an ideal-dilute solution is
µA = µ
−	−
A +RT ln
(
cA
p−	−SA
)
(3.21)
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Inserting this into equation 3.16
J = −M∇
(
µ−	−A +RT ln
(
cA
p−	−SA
))
(3.22)
= −MRT∇
(
ln
(
cA
p−	−SA
))
(3.23)
= −MRT p
−	−SA
cA
∇
(
cA
p−	−SA
)
(3.24)
When the concentration cA → 0 the flux collapses - J → −∞. Luckily it can be shown that the mobility
is proportional to the concentration (see appendix 9.2.1) which prevents the flux from collapsing at low
concentrations.
Assuming the pressure of the solute pA is approximately equal to the reference pressure;
pA
p−	−
≈ 1. the
logarithmic term is expanded at 1.
ln
(
cA
p−	−SA
)
≈ ln(1) + cA
p−	−A S
− 1 (3.25)
=
cA
p−	−S
− 1 (3.26)
Because pA ≈ p−	− the expansion to higher orders becomes very small, and are therefore neglected. Inserting
equation 3.26 into equation 3.23, the flux is expressed as
J = −MRT∇
(
cA
p−	−S
− 1
)
= −MRT∇
(
cA
p−	−S
)
(3.27)
The gradient can be written explicit
J = −MRT
(
p−	−SA∇cA − cA∇
(
p−	−SA
)(
p−	−SA
)2 ) (3.28)
We only consider oxygen diffusion through a substance and assuming the substance is homogeneous, the
index A becomes unnecessary and the solubility is constant. Further, the concentration can be written as a
function of position and time. Thus equation 3.28 is rewritten
J = −
(
MRT(
p−	−S
))∇c(r, t) (3.29)
From considering the continuity equation 3.15 in steady state
−div(J) = ∂c(r, t)
∂t
= 0 (3.30)
Solving this for the flux gives a constant D∇c(r, t). D will be known as the diffusivity
⇒ J = −D∇c(r, t) (3.31)
Equation 3.29 must also be equal to equation 3.31 in steady state, which implies
D = M
RT
Sp−	−
(3.32)
It is possible to imagine, that the solvent is not homogeneous (such as meat), which imply a solubility and
diffusivity dependent on position. The diffusivity for such a system can be replaced by a variable dependent
on position D → D(r), and it is assumed the same can be done for the solubility S → S(r).[42] Equation
3.32 is then written as
D(r) = M
RT
S(r)p−	−
(3.33)
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Substituting this relation back into equation 3.27 the generalized flux equation is obtained
J = −D(r)S(r)∇
(
c(r, t)
S(r)
)
(3.34)
If the solubility is constant, the equation reduces to
J = −D(r)∇c(r, t) (3.35)
This special case of equation 3.34 is called Fick's first law of diffusion, and will be discussed some more in
section 3.2.2.
Suppose the solvent is divided into two sections (1) and (2), with related diffusivity and solubility D1, S1,
D2 and S2. If also that D1S1 > D2S2, then at steady state, in the transition between (1) and (2) there is a
discontinuity, which is illustrated in figure 3.1.
Figure 3.1: Illustration of concentration profile at steady state
The diffusion process is driven by a gradient in the chemical potential. An equivalent illustration to figure
3.1 can be made, with the chemical potential with respect to position (figure 3.2). At steady state it was
shown that the divergence of the flux is zero, which is also illustrated in figure 3.2.
Figure 3.2: (left) Illustration of the profile of the chemical potential at steady state, (right)
and the corresponding flux at steady state
The (constant) value of the flux was also shown to be equal to the diffusivity of the whole system - the effective
diffusivity..
3.2.2 Fick's First Law of Diffusion
Fick's first law of diffusion, is a phenomenological equation which states that the flux is proportional to
the concentration gradient, with the constant of proportionality being the diffusivity. The diffusivity is
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determined by the quantity that diffuses, and the substance it diffuses through.[32][43]
J = −D∇c(r, t) (3.36)
Note, the SI unit for the diffusivity is
m2
s
.
If the boundary conditions are held constant for a one dimensional system; at initial position c0 and final
position c = 0. The concentration profile in steady state is then a linear decrease with the diffusivity being
the slope, which implies a constant flux equal to the diffusivity divided by the concentration gradient. This
is illustrated in figure 3.3. It is possible to imagine a system of two substances, with different diffusivity.
Figure 3.3: (left)Illustration of concentration profile at steady state, (right) and the corre-
sponding flux at steady state
Then the diffusivity is a function of position D → D(r)
J = −D(r)∇c(r, t) (3.37)
Consider a one dimensional structure divided into two regions with with substances with different diffusivity;
If the diffusivity is lower in one region than in the other, the concentration gradient is larger, and vice versa.
This is illustration in figure 3.4. Again from the continuity equation, we know that the divergence og the
flux is zero, and therefore the flux is constant, and equal to the effective diffusivity.
Figure 3.4: (left) Illustration of concentration profile at steady state, (right) and the corre-
sponding flux at steady state
If he diffusivity in equation 3.36 is uknown, but the diffusivities in equation 3.37 is known, then the fact that
the flux of the system is the same, is used to derive the effective diffusivity.
Obviously this method for obtaining the diffusivity is very relevant in this thesis, because we (assume) to
know the diffusivity of oxygen in muscle tissue and oxygen in adipose tissue, and want to know something
about the diffusivity of oxygen in a system composed of that - meat.
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3.3 Diffusion Equation
This section considers two ways of modelling oxygen diffusion through meat. Modelling the diffusion process,
all chemical reactions betweens the substances are neglected. With the continuity equation 3.16 and equations
describing the flux the diffusion equation is derived.
3.3.1 Diffusion by the Generalized Flux Equation
Letting the flux be given by equation 3.34, and combining this with the continuity equation
∂c(r, t)
∂t
+ div
(
−D(r)S(r)∇
(
c(r, t)
S(r)
))
= (3.38)
∂c(r, t)
∂t
−∇ •
(
D(r)S(r)∇
(
c(r, t)
S(r)
))
= 0 (3.39)
the diffusion equation is
⇒ ∂c(r, t)
∂t
=∇ •
(
D(r)S(r)∇
(
c(r, t)
S(r)
))
(3.40)
3.3.2 Diffusion by Fick's First Law
Let the flux be expressed with equation 3.36. Combining this equation with the continuity equation
∂c(r, t)
∂t
+ div(−D∇c(r, t)) = 0 (3.41)
gives the diffusion equation
⇒ ∂c(r, t)
∂t
=∇ • (D(r)∇c(r, t)) (3.42)
3.3.3 Reaction-Diffusion Systems
Equations 3.40 and equation 3.42 models diffusion without taking the chemical compounds oxygen can go
into in meat such as lipid oxidation, microbial growth, and reactions between oxygen and myoglobin. This
can be implemented with a term F (c) describing the reaction rate. The function F (c) will then account for
all the concentrations going into reaction.[44] Further in this thesis, the reactions are neglected.
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3.3.4 Dimensionless Form
It is convenient to work with dimensionless equations. Dimensionless equation considers a the general form
that often is easier to deal with, especially for numerical methods. When the dimensionless form is defined,
it is possible to transform the equation back to a particular case.
let r = (x, y, z) with the initial position r0 = 0 and maximum position rmax = (L,L,L).
Let the dimensionless position be defined as
r˜ =
r− r0
rmax − r0 =
r
rmax
(3.43)
With x, y, z ∈ [0, L], x˜, y˜, z˜ ∈ [0, 1]. The concentration has a maximum value cmax = c0 and a minimum
value cmin = 0. The dimensionless concentration is defined as
c˜(r, t) =
c(r, t)− cmin
cmax − cmin =
c(r, t)
c0
(3.44)
where c(r, t) ∈ [0, c0] and c˜(r, t) ∈ [0, 1].
The reduced time is not as obvious. The units of the diffusivity is
m2
s
, which implies that the dimensionless
time t˜ must be the product of the time t squared and the diffusivity, over length squared. As we are interested
in the effective diffusivity, the length is the length of the structure/characteristic length, while t is the time
it takes for the transport to travel that length.
t˜ =
Dt
r2max
(3.45)
We are going to consider system where the diffusivity varies as a function of position, which is a problem for
the time scales. However, by choosing the diffusivity in equation 3.45 to be the diffusivity oxygen in muscle,
this problem is solved.
t˜ =
Dmusclet
r2max
(3.46)
By substitution the dimensionless expressions this into equation 3.40 a dimensionless diffusion equation, for
the flux described by a constitutive relation is derived
∂c˜(r˜, t˜)
∂t˜
=
1
Dmuscle
∇˜
(
S˜(r˜)D˜(r)∇˜
(
c˜(r˜, t˜)
S˜(r˜)
))
(3.47)
By substituting into equation 3.42, the dimensionless diffusion equation, for the flux expressed with Fick's
first law is
∂c˜(r˜, t˜)
∂t˜
=
1
Dmuscle
∇˜
(
D(r)∇˜c˜(r˜, t˜)
)
(3.48)
If the diffusivity and solubility are constants - Dc and Sc, both expressions reduces to
∂c˜(r, t˜)
∂t˜
=
Dc
Dmuscle
∇˜2c˜(r˜, t˜) (3.49)
In the further work the dimensionless form is used, but to avoid messy notation the dimensionless size is
not expressed with  a˜.
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4 Mathematical Modelling and Effective Diffusion
This chapter is a presentation of the modelling work done in this thesis.
The first section (4.1) describes the initial value -and boundary conditions, we will be working with.
We shall in section 4.2 study the continuous diffusion equation, which we have worked with until now. The
continuous diffusion equation is solved analytically, which will later be used as a control to the solution and
implementation of the discrete diffusion equation.
In section 4.3 the discrete diffusion equation is studied; how it is obtained, the error accompanied with the
discretization and how to overcome this. By considering the diffusion equation in a discrete form, it is possible
to solve the diffusion equation numerically by an iterative process in Matlab.
In section 4.4 the mixing law models are suggested. The mixing law models is created with the purpose to
see if it is possible to some extend, to model the effective diffusivity of oxygen in meat.
The final section (4.5) provides a description of the fat distributions in which the effective diffusion coefficient
is calculated.
4.1 Initial -and Boundary Conditions
At time t = 0 the there is no oxygen in the system (concentration is everywhere zero), which defines the
initial condition c(x, y, 0) = 0.
Two types of boundary conditions are imposed: [44]
1. Dirichlet boundary conditions: c(0, y, t) = c0 and c(L, y, t) = 0 in the domain y ∈ [0, L].
To solve the diffusion equation analytically, the boundary conditions have to be homogeneous Dirichlet
boundary conditions, meaning c(0, y, t) = 0 = c(L, y, t).
2. Neumann boundary conditions:
∂c(x, 0, t)
∂y
= 0 =
∂c(x, L, t)
∂y
, meaning that there is no concentration
flux in the y-direction at the boundary.
This can also be obtained from the flux expressions, for example Fick's first law. If there is no flux,
and D 6= 0
J = −D∇c(r, t) = 0 (4.1)
⇒∇c(r, t) = 0 (4.2)
These boundary conditions are illustrated in figure 4.1
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Figure 4.1: Illustration of the Boundary conditions imposed in this thesis
In the further work, these boundary conditions are imposed for all structures considered.
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4.2 Solution to the Continuous One Dimensional Diffusion Equation
The diffusion equation is an initial boundary value problem (IBVP), meaning that the solution is found from
an initial condition and the boundary conditions.
The diffusion equation is a partial differential equation, which can be solved by seperation of varibles. The
only problem using the method of separating the variables, is that the boundary conditions are not homo-
geneous; at one boundary the concentration is c0 and 0 at the other. This can be come about, by rewriting
the diffusion equation so the boundary conditions are homogeneous, and separation of variables is possible.
Consider the concentration in the time limit t → ∞. The concentration will reach a steady state cSS(x),
where
∂c
∂t
= 0 for all x ∈ [0, L].
When the concentration is in steady state we have the two point boundary value problem - the concentration
is known at two points: c(0) and c(L). When the system is in steady state, the second order partial derivative
of the concentration is zero
d2cSS(x)
dx2
= 0 (4.3)
with the boundary conditions cSS(0) = c0 and cSS(L) = 0. The solution to this equation is
cSS(x) = K1x+K2 (4.4)
where K1 and K2 are constants determined with the boundary conditions.
cSS(0) = K2 = c0 (4.5)
cSS(L) = K1L+ c0 = 0⇒ K2 = −c0
L
(4.6)
This the solution to the BVP is
cSS(0) = c0
(
1− x
L
)
(4.7)
Let v(x, t) be the difference in the concentration c(x, t) and the steady state concentration cSS(x)
v(x, t) = c(x, t)− cSS(x) (4.8)
The first time derivative is
∂v(x, t)
∂t
=
∂c(x, t)
∂t
− dcSS(x)
dt
=
∂c(x, t)
∂t
(4.9)
and the second spatial derivative is
∂2v(x, t)
∂x2
=
∂2c(x, t)
∂x2
− d
2cSS(x)
dx2
=
∂2c(x, t)
∂x2
(4.10)
with the initial condition, which is no longer zero
v(x, 0) = c(x, 0)− cSS(x) = c0
(
1− x
L
)
(4.11)
and boundary conditions
v(0, t) = c(0, t)− cSS(0) = 0 (4.12)
v(L, t) = c, (L, t)− cSS(L) = 0 (4.13)
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which are now homogeneous Dirichlet boundary conditions [44]. So a differential equation with homogeneous
boundary conditions, with boundary conditions given in equation 4.12 and 4.13 is now defined.
∂v(x, t)
∂t
= D
∂2v(x, t)
∂x2
(4.14)
It is now possible to solve this with separation of variables, where the solution is of the form
v(x, t) = X(x)T (t) (4.15)
This solution form is substituted into equation 4.14
∂(X(x)T (t))
∂t
=
∂2(X(x)T (t))
∂x2
⇔ (4.16)
1
T (t)
dT (t)
dt
=
1
X(x)
d2X(x)
dx2
(4.17)
Tthe first order time derivative of T (t) divided by
1
DT (t)
always is equal to the second spatial derivative of
X(x) divided by
1
X(x)
. This is only possible when they are equal to the arbitrary constant −λ. λ is called
the separation constant. Thus two differential equations is expressed
dT (t)
dt
= −λT (t) (4.18)
d2X(x)
dx2
= −λX(x) (4.19)
with the solutions
T (t) = T (0)e−λDt (4.20)
where T (0) 6= 0 else v(x, t) would be the trivial solution. This means that X(0) = X(L) = 0. Also λ > 0
for if λ = 0 the concentration is independent of time, which is not the case, and if λ < 0 the function T (t)
will diverge as time goes to infinity, which implies the concentration diverges as time goes to infinity, which
is again not the case. The general solution to equation 4.19 is
X(x) = A sin(
√
λx) +B cos(
√
λx) (4.21)
By invoking the boundary conditions
X(0) = B = 0 (4.22)
X(L) = A sin(
√
λx) = 0 (4.23)
There are infinitely many solutions to this equations
Xn(x) = A sin(
√
λnx), λn =
n2pi2
L2
(4.24)
for n = 1, 2, 3, ....
We know the initial condition v(x, 0) = −cSS(x). Using the Fourier series
X(x) ∼= a0
2
+
∞∑
n=1
an cos(
√
λnx) + bn sin(
√
λnx) (4.25)
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with
an =
1
L
∫ 2L
0
v(x, 0) cos(
√
λnx)dx = 0 (4.26)
bn =
1
L
∫ 2L
0
v(x, 0) sin(
√
λnx)dx = −2c0
npi
(4.27)
X(x) ∼=
∞∑
n=1
−2c0
npi
sin(
√
λnx) (4.28)
The solution is
v(x, t) =
∞∑
n=1
−2c0
npi
sin(
√
λnx)e
−λt (4.29)
From equation 4.8 we obtain a expression for c(x, t)
c(x, t) = c0
(
1− x
L
)
+
∞∑
n=1
−2c0
npi
sin(
√
λnx)e
−λt (4.30)
The purpose of solving the diffusion equation analytically, is to see if the discrete approximation is valid, and
if is implemented correct in Matlab. However, there is a situation where the analytical solution is expected
to fit bad. Because the analytical solution to the diffusion equation is approximated by the Fourier series,
it is a bad fit for the initial state - concentration is zero everywhere. In figure 4.2, the analytical solution is
shown when t→ 0
Figure 4.2: The analytical solution at time t→ 0
This is not going to be a problem, as we will be interested in steady state systems.
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4.3 Solving the Diffusion Equation Numerically
In section 4.3.1 it is described which method is used to discretize the diffusion equation and how to avoid
large error in the results.
The diffusion equation is solved analytical for the one dimensional homogeneous structure in section 4.2.
The purpose of solving the diffusion equation analytically, is to give the numerical solution an solution to
compare with. Such an comparison is necessary as it approves the numerical solution.
Once the concentration is known - by solving the diffusion equation - it is possible to calculate the effective
diffusivity, from different structures. This is explained in section 4.3.3
4.3.1 Discrete Diffusion Equation
A way to solve the diffusion equation numerically is with finite difference. Finite difference is a numerical
method used to approximate solutions, to differential equations.[45]
Consider the definition of a derivative of a given function in a point a [46]
f ′(a) = lim
h→0
f(a+ h)− f(a)
h
(4.31)
Then using finite difference, equation 4.31 is approximately equivalent with the difference quotient for small
values of h
f ′(a) ≈ f(a+ h)− f(a)
h
(4.32)
This is called the forwards method, because the derivative is expressed from the value of the function at a
position a+ h relative to a. Besides the forward method, the central method is used in this thesis
f ′(a) ≈
f
(
a+
1
2
h
)
− f
(
a− 1
2
h
)
h
(4.33)
This method is named after the same logic that the forward method.
To illustrate how the diffusion equation is solved, consider the discretization to the one dimensional continuous
diffusion equation with Fick's first law in a homogeneous substance. A complete explanation of how the
diffusion equation is discretizied is found in appendix 9.3. Let
xi = i∆x , i = 1, 2, 3, ... and ∆x→ 0 (4.34)
Thus equation 4.32 is expressed as
f ′(x) ≈ xi+1 − xi
∆x
(4.35)
A similar discretization is made for the time step n, which expresses the discrete diffusion equation as
cn+1i − cni
∆t
=
cni+1 − 2cni + cni−1
Dmuscle(∆x)2
(4.36)
This method is the explicit method, meaning that the right side of the equation is derived in the same time
n[45] Other methods is the implicit method, where the right side of the diffusion equation is expressed in the
28
time n+ 1, and the Crank-Nicolson method which expresses the right side both in time n and n+ 1.[45] For
this study, the implicit method and Crank-Nicolson method cannot be used, as we don't have information
about the concentration forward in time. By isolating cn+1i , the concentration can be found for each time by
an iterative process, as we already know the initial concentration.
cn+1i =
∆t
(∆x)2
(
cni+1 − 2cni + cni−1
)
+ cni (4.37)
Diffusivity and solubility matrix
For two dimensional flux, the diffusivity is Anisotropic. The diffusivity is then expressed as a matrix
D =
Dxx Dxy
Dyx Dyy
 (4.38)
A simplified version of this, is obtained by assuming that the diffusivity is linear independent
D =
Dxx 0
0 Dyy
 (4.39)
which is how the diffusivity matrix is considered for the rest of the thesis.
A discrete expression for the diffusivity is also provided in appendix 9.3. When the diffusivity is expressed
as a discrete function, a approximation of the diffusivity between two grid points is defined as an average.
For one dimensional diffusion, this is expressed as
Di =
1
2
(Di+1 +Di) (4.40)
This is relevant when the diffusivity assigned to two neighbour points are different.
The solubility is defined the same way
S =
Sxx 0
0 Syy
 (4.41)
and the discrete expression for the solubility is
Si =
1
2
(Si+1 + Si) (4.42)
Error
Because the numerical model is a discrete approximation to the diffusions equation, a round-off error and a
discretization error (truncation error) arises. A round-off error arises from the results being rounded in each
iteration, leading to an error at the final result. A discretization error arises from the fact, that the model
solved, is an approximation to the exact solution. The system can be neutrally stable, which means that the
error stays constant while the computation is done, it can be stable if the error decays, or unstable if the
error increases throughout the computations.[47] To ensure that the system is stable at all times, a stability
criterion is derived using Von Neumann stability analysis.[45]
The error propagates through the solution to the diffusion equation. To ensure the system keeps stable the
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von neumann stability analysis is done. For the two dimensional diffusion equation with Fick's first law, the
criteria is [45] (
D(r)∆t
(∆x)2
)
+
(
D(r)∆t
(∆y)2
)
≤ 1
2
(4.43)
if the structure is heterogeneous, the largest value of diffusion coefficient in the system, is the one defining
the criteria. If the diffusion equation is derived from the generalized flux, the criteria is(
M∆t
(∆x)2
)
+
(
M∆t
(∆y)2
)
≤ 1
2
(4.44)
In chapter 3.2.1 the relation D(r) =
MRT
S(r)
was derived(
D(r)S(r)∆t
RT (∆x)2
)
+
(
D(r)S(r)∆t
RT (∆y)2
)
≤ 1
2
(4.45)
4.3.2 Comparing Numerical and Analytical Solution
In figure 4.3 the analytical solution is plotted together with the numerical solution at three times; t ≈ 11hours,
t ≈ 22.5 hours and t ≈ 32.5 hours. The analytical solution (equation 4.30) is expressed as a sum. In this
plot 10 terms is included, as this is sufficient for a good fit.
Figure 4.3: Plot of (-*-) the numerical solution at different times, and (-) the analytical solution,
at t ≈ 11hours, t ≈ 22.5 hours and t ≈ 32.5 hours
4.3.3 Effective Diffusivity of Oxygen in Meat From the Diffusion Equation
The system considered is composed of two substances; muscle and fat, in which the diffusivity is a function of
whether oxygen is moving through one or the other. Even though the amount of muscle and fat is known, the
effective diffusivity of oxygen in the system is unknown. The purpose of this chapter is to describe how the
numerical solution to the discrete diffusion equation, is used to obtaining the effective diffusivity for various
distributions and concentrations of fat in meat.
Two expression for the flux is presented in this thesis, in both which the diffusivity appears. From this
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the effective diffusivity of oxygen in meat is calculated. The solution to the discrete diffusion equation for
the system in steady state, is used to calculate the flux. However, steady state needs to be defined first.
At t → ∞ the change in concentration at each point, between each time-step, tends towards zero with an
infinitesimal value. A consequence of this is a missing well-defined definition of steady state, because the
system keeps changing as time goes.
Calculating Flux and Defining Steady State
The concentration at each point is known for all the grid-points. The flux of interest is in the diffusion
direction (x-direction), and is found between two neighbour points. This idea is roughly illustrated in figure
4.4
Figure 4.4: concentration flux between the grid point in the diffusion direction
Steady state is when the concentration c(r, t) is not changing with time. The flux of interest is in the diffusion
direction (x-direction), over the distance δx (distance between grid-points). The flux between xi and xi+∆x
is calculated for every y-value, see figure 4.5.
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Figure 4.5: Illustration of each row, in which the flux' are summed
The mean of these values is equal when the system is in steady state. In Matlab the definition of steady state
is when the mean flux for all xi differs 1% from the mean flux of the system.∣∣J¯system − J¯x+∆x∣∣
J¯system
< 0.01 (4.46)
Effective diffusivity from the generalized flux equation
The generalized flux equation
J¯ = −DeffSsystem c¯(L, y, t)
LS¯(L, y)
− c¯(0, y, t)
LS¯(0, y)
= SsystemDeff
c0
LS¯(0, y)
(4.47)
This is reduces further by the fact that we work with dimensionless expressions: c0 = 1 and L = 1
J¯ = Deff
Ssystem
S¯(0, y)
(4.48)
The flux is known, thus an expressions for the effective diffusivity is
Deff = J¯
S¯(0, y)
Ssystem
(4.49)
Effective Diffusivity From Fick's First Law
The expression for the diffusivity is obtained from Fick's first law, by the same method used with the
generalized flux equation. The flux for the system is expressed as
J¯ = −Deff c¯(y, L, t)− c¯(y, 0, t)
L
(4.50)
which is reduced further, as we consider the dimensionless form
Deff = J¯ (4.51)
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4.3.4 Calibration
The system is in steady state when some defined requirements are met, else the concentration would keep
changing infinitesimal with each time step. This results in an error, for the calculated values of the effective
diffusivity. The effective diffusivity for a system composed of only one substance is equal to the diffusivity
of that substance. Knowing the diffusivity of oxygen in muscle, the effective diffusivity is calculated. This
gives an calibration constant K, which corrects the error.
K =
Dmuscle
Dmuscleeff
(4.52)
Multiplying the calibration factor K with the all the calculated values for the effective diffusivity of oxygen
in meat, the correct value is obtained.
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4.4 Mixing Law Models
Two models are suggested to predict the effective diffusivity of oxygen in meat:
1. The Serial Model which is derived from systems in steady state, where the only concentration gradient
different from zero, is in the diffusion direction. This model is expressed by the amount of muscle and
fat, and does not take into consideration how it is structured.
2. The Parallel Model. This model includes concentration gradients in both diffusion directions at steady
state, and describes the effective diffusivity as a linear relation between the amount of muscle and fat.
This model does not take into account how the muscle and fat is structured.
For each model an expression for the effective diffusivity, of oxygen in meat is derived for both the general
flux expression, for the flux expressed by Fick's first law.
Serial Model
When the system is at steady state, the flux is constant everywhere. In figure 4.6 a structure composed
of muscle and fat is illustrated. The fat is placed in one coherent column, perpendicular to the diffusion
direction, which implies only one non-zero concentration gradient, in the diffusion direction.
Figure 4.6: Illustration of the structure which equation 4.63 is expected to fit
The general flux expressions
In chapter 3.2.1 it was shown, that if the structure has constant diffusivity and solubility, the flux is expressed
by Fick's first law. The concentration profile in steady state for such a structure is illustrated in figure 4.7.
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Figure 4.7: Illustration of the concentration profile. L = Lfat + Lmuscle
The flux through the fat is then expressed as
Jfat = −Dfat
(
ca1 − c0
Lfat
)
= −Dfat
(
ca1 − 1
Lfat
)
(4.53)
And through the muscle
Jmuscle = −Dmuscle
(
0− ca2
Lmuscle
)
= Dmuscle
(
ca2
Lmuscle
)
(4.54)
As the partial pressure is constant at a given point, then Henry's law states that
cb1
Sfat
=
cb2
Smuscle
(4.55)
⇒ cb2 =
Smuscle
Sfat
cb1 (4.56)
Setting Jfat = Jmuscle
ca1 =
Dmuscle
Lmuscle
(
SmuscleDmuscle
LmuscleSmuscle
+
Dfat
Lfat
) (4.57)
The flux of the system Jsystem = −Dsystem
(
0− c0
L
)
. As the flux is constant everywhere, the flux of the
system is equal to equation 4.53
−Dfat
(
ca1 − 1
Lfat
)
= −Dsystem
(
0− c0
L
)
(4.58)
Because we have an expression for ca1 , the diffusivity of the system, the effective diffusivity is expressed
Dsystem = Deff =
L(
L− Lfat
SmuscleDmuscle
+
Lfat
SfatDfat
)
Ssystem
(4.59)
In figure 4.8 this equation 4.59 is plotted
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Figure 4.8: The effective diffusivity of oxygen in meat, as a function of fat percentage
Flux by Fick's first law
In figure 4.9 the concentration profile is illustrated, for the diffusion modelled by Fick's first law.
Figure 4.9: Concentration profile
The flux through the fat is
Jfat = −Dfat
(
ca − c0
Lfat
)
= −Dfat
(
ca − 1
Lfat
)
(4.60)
and the flux through muscle
Jmuscle = −Dmuscle
(
0− ca
Lmuscle
)
= Dmuscle
(
ca
Lmuscle
)
(4.61)
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As these are equal, an expression for ca can be derived.
ca =
L− Lfat
Dmuscle
(
L− Lmuscle
Dmuscle
+
Lfat
Dfat
) (4.62)
for the flux of the system Jsystem = −Dsystem
(
0− c0
L
)
, and is equal to equation 4.61, which makes it possible
to derive an expression for the diffusivity of the system (the effective diffusivity)
Dsystem = Deff =
L
L− Lfat
Dfat
+
Lmuscle
Dmuscle
(4.63)
When there is no fat, Lfat → 0 so Deff = Dmuscle, and if Lmuscle → 0 which leads to Deff = Dfat. How the
effective diffusivity of oxygen in meat, changes with the amount of fat is illustrated in figure 4.10.
Figure 4.10: The effective diffusivity as a fraction of the diffusivity of meat, plotted as a
function of fat percentage
Comparison of the models
In figure 4.11 the two, serial models, are plotted together. Here it is evident that the effective diffusivity,
tends towards lower values at a higher rate, when solubility is included as a factor in the model.
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Figure 4.11: The effective diffusivity from equation 4.63 (red) and from 4.59 (blue).
Parallel Model
This model divides the structure into two sections as illustrated in figure 4.12; one of muscle and one of fat.
Figure 4.12: parallel of fat and meat
Generalized flux equation
Because the this model neglects interactions between the two sections, and each section is a homogeneous
structure, the solubility disappears from the equation. Equation 4.64 is therefore the one used to predict the
diffusivity for both cases.
Fick's first law
If we assume that each section contributes to the effective diffusivity by a linear relation, meaning that they
contributes independent of each other, the effective diffusivity is modelled by
Deff =
(
Lmuscle
L
)
Dmuscle +
(
1− Lmuscle
L
)
Dfat (4.64)
38
Equation 4.64 is illustrated in figure 4.13.
Figure 4.13: Plot of the effective diffusivity modelled by equation 4.64, as a function of fat
percentage.
39
4.5 Fat Distributions
The purpose of this section is to show which structures the effective diffusivity of oxygen in meat is calculated
from. Each structure vary in fat percentage from 0% to 50%. The reason for this is, that the fat percentage
in meat is within than range.[48]
The structures are named by letters, beginning from A. For each structure presented, it is described how
the structures develop, with an increase in fat percentage. The grey regions in each structure represents fat,
while white regions represents muscle. Initially the structures consists of only muscle.
Fat Distribution A
This structure is already considered in section 4.4. When the fat increases, it does in one coherent column.
Figure 4.14: Structure A
Fat Distribution B
This structure is also considered in section 4.4. The fat increases in one coherent row.
Figure 4.15: Structure B
Fat Distribution C
This structure considers numerous adjunct rows of fat which will be added to increase the fat percentage
- initially zero, then one row of fat, then two rows of fat, and so forth. This structure is an extension to
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structure B, where instead of considering a coherent row af fat increasing in size, the fat is increased by
adding adjunct rows of fat.
Figure 4.16: Structure D
Fat Distribution D
This structure is based on the same idea as structure C, but with columns instead of rows. Like structure C
is an extions of structure B, this structure (D) is an extension of structure A.
Figure 4.17: Structure C
Fat Distribution E
This structure considers numerous adjunct columns of fat, which increases.
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Figure 4.18: Structure E
Fat Distribution F
This structure is based on the same idea as structure E, but with numerous adjunct rows of fat.
Figure 4.19: Structure F
Fat Distribution G
This structure increases its fat percentage by randomly placing points of fat, until the fat percentage is 50%.
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5 Results
This chapter presents the results in two sections. In section 5.1 the results of how the effective diffusivity
of oxygen in meat, is affected by the distribution and concentration of fat. In section 5.2 the results from
section 5.1 is compared to the mixing law models.
5.1 Effect of Distribution -and Concentration of Fat on the Effective Diffusivity
In figure 5.1 the effective diffusivity of oxygen in meat (relative to the diffusivity of oxygen in muscle) is
illustrated, as a function of fat percentage for each structure, when the diffusion process is modelled by the
general flux expression.
Figure 5.1: Effective diffusivity of oxygen in meat, obtained from diffusion with the general
flux expression
In figure 5.2 the corresponding results are illustrated, for the diffusion process modelled by Fick's first law.
Figure 5.2: Effective diffusivity of oxygen in meat, obtained from diffusion with Fick's first law
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5.2 The Mixing Law Models
The effective diffusivity of oxygen in meat, calculated from the diffusion equation by the general flux expres-
sions, when the fat distributions is A and B, is plotted together with the mixing models in figure 5.3. The
two mixing models is labelled MIXs which refers to the serial model, and MIXp which refers to he parallel
model
Figure 5.3: The effective diffusivity of oxygen in meat predicted by the mixing models, together
with the effective diffusivity of oxygen in meat calculated from the diffusion equation with fat
distributions A and B.
A similar plot is made in figure 5.4, for the diffusion equation by Fick's first law
Figure 5.4: The effective diffusivity of oxygen in meat predicted by the mixing models, together
with the effective diffusivity of oxygen in meat calculated from the diffusion equation with fat
distributions A and B.
In figure 5.5 the results illustrated i figure 5.1 are illustrated together with the two mixing models. As it
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is already shown that the effective diffusivity of ocygen in meat, with fat distributions A and B fits the one
dimensional model and the parallel model, respectively, these are not illustrated in this result.
Figure 5.5: The mixing models compared with the effective diffusivity calculated from diffusion
with the generalized fluz equation
In figure 5.6, the results from figure 5.2 is illustrated together with the mixing models.
Figure 5.6: The mixing models compared with the effective diffusivity calculated from diffusion
with Fick's first law
45
6 Discussion
6.1 Finite Difference Method
The discrete diffusion equation is an approximation to the continuous diffusion equation. To determine if
the discrete equation is a good approximation to the continuous -and if the implementation of it in Matlab
is correct, the numerical solution to the diffusion equation is compared to the solution of the continuous
equation. The analytical solution is calculated for the one dimensional diffusion equation, with constant
diffusivity and solubility. The numerical solution to the corresponding diffusion equation, to fit well with the
analytical solution - except at t→ 0.
Error
A couple of methods is used in order to minimize error in the results. In chapter 4.3.1 a criteria ensuring
stable systems is presented. The error is derived considering the fraction between the error  at time n and
n+ 1. To keep the system stable, this fraction is bound by
n+1i,j
ni,j
≤ 1. This criteria gives a relation between
∆x, the solubility, diffusivity, and ∆t. Even though the stability criteria is fulfilled, some error in the result
can occur. In figure 6.1 the flux calculated from the diffusion equation in a system system with constant
diffusivity and solubility, is shown. In the left figure (6.1a) the flux is calculated for choices of ∆x and ∆t
where the stability criteria is not met. In the right figure (6.1b) the flux is calculated within the stable range.
Here it is evident that within that range, there is some uncertainty in the value of the flux', dependent on
the size of ∆x. This uncertainty manifest as an error in the final result. The uncertainty gets smaller as ∆x
decreases, which is evident as the values of the flux' tends towards a constant value.
(a) Illustration of the flux when the stability
criteria is not met.
(b) Illustration of the flux in the stable range.
Illusstration of how the calculated flux gives
greater variation for large grid-sizes (low num-
ber of sites), og less variation when the grid-
sizes decrease (large number of sites)
Figure 6.1: Illustration of how the flux is dependent on choices of ∆x and δt, with
∆x =
1
# sites
It can be calculated how much the numerical solution to the diffusion equation deviates from the analytical
solution to the continuous diffusion equation. This is done for the system in steady state. As we only have the
analytical solution for the one dimensional continuous diffusion equation, with the flux described by Fick's
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first law and constant diffusivity, the deviation can only be obtained from that.
Deviation =
√
mean
[
(canai − cnumi )2
]
= 3.27 · 10−14 (6.1)
Which concludes that the numerical solution to the diffusion equation, deviates very little from the analytical
solution to the continuous diffusion equation.
As the diffusion equation for two dimensions, with spatial dependent diffusivity and solubility, is derived and
implemented by the same methods, it is assumed that these is acceptable approximations.
Solving method
The finite difference method is used, because the whole process of discretizing the continuous diffusion
equation, and implementing it in Matlab gives an understanding of the modelling the diffusion process. This
method also allows control of parameters such as the boundary values, initial values and the solubility and
diffusivity within the grid.
6.2 Discussion of the Meat Model, Diffusivity and Solubility
The way meat is considered in the modelling work is very crude. Meat is considered to consists of two
substances -muscle and fat - which also are assumed to be homogeneous. As muscle and fat are heterogeneous
substances, a improved model would have include this. This by the same method used to model meat -
implementing the substances which is contained in muscle tissue and in adipose tissue, and consider the
distribution and concentration of those. However the solubility and diffusivity of oxygen in those substances
must be known.
In meat, other connective tissues (besides from fat) appears. These tissues are neglected in the model of
meat. These tissues can also be included in a model of meat, if the solubility and diffusivity of oxygen
through them is known.
The diffusivity and solubility of oxygen in muscle, used in the modelling work are values which we assume
to be equal the the values of oxygen in water. Also the diffusivity of oxygen in fat is assumed to be equal
the diffusivity in lard. With more knowledge about the diffusivity and solubility of oxygen in muscle tissue
and adipose tissue, the model would be improved.
Experiments has been made to obtain the diffusivity of oxygen in meat.[49] The problem with the article
(reference [49]) presenting these results do not make it clear what what the exact composition of the muscle
tissue is, as muscle tissue itself can contain visible fat (marbling) up to a fat percentage of 5-7% of the
meat, and the modelling in this thesis distinguish between muscle tissue and visible fat. The structure and
distributions of the substances within the muscle tissue will also depend on the animal, and where from the
carcass it is obtained. However by assuming that the diffusivity of oxygen in muscle is equal to the diffusivity
of oxygen in water (1.54 · 10−9m
2
s
), we can compare the results from the article to this. The results from the
article is presented in table 6.1.
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T(◦C) DmuscleO2 · 10−9
(
m2
s
)
0 0.590
5 0.709
10 0.839
Table 6.1: Diffusivity of oxygen in muscle tissue for different temperatures.[49]
These values generally is a bit lower than the effective diffusivity of oxygen in water. The difference is very
small. By that it is concluded that, the choice of diffusivity of oxygen in muscle is the one of oxygen in water,
is reasonable.
6.3 Results
The effective diffusivity of oxygen in meat was calculated from seven fat distributions, where the fat percentage
increased from 0% to 50%. The results of this, illustrates how the distribution and concentration of fat affects
the diffusivity of oxygen in meat, and how well the mixing models predicts these results.
The generalized flux equation
This is a discussion of the results illustrated in figure 5.1, where the diffusion process is modelled by the
generalized flux equation. It is clear that the distribution and concentration of fat has an effect on the
effective diffusivity of oxygen in meat.
There are one clear tendency seen from the effective diffusivity of oxygen in meat, from the fat distributions
A, C, F and G. The effective diffusivity of oxygen in meat, obtained from these distributions, decrease with
approximately the same rate as the fat percentage increases. Structure C and F are expected to have the
same effective diffusivity of oxygen in meat, when the fat percentage is 50%, as the fat distribution then are
identical.
In general, the effective diffusivity obtained from meat with fat distribution C, is larger than meat with fat
distribution A, however still close. The effective diffusivity for fat distribution F is less than the one from
fat distribution A, until a fat percentage < 10%, and then it becomes a little higher.
The fat distribution F, can be considered as two regions placed in columns - one of muscle and one of muscle
and fat. The region which consists of muscle and fat increases in size, keeping the two regions in series, which
maybe the reason that the effective diffusivity of oxygen in meat with fat distribution F is similar to the one
with fat distribution A.
Structure G is the random placement of fat. The effective diffusivity of oxygen in meat with this fat distri-
bution, seems to follow the tendency of fat distribution A, C and F, giving less values for fat percentages
< 20% and higher values for fat percentages > 20%.
Structure B is a increase of a coherent region of fat, which is structured in a row, parallel to the diffusion
direction. The decrease of the effective diffusivity of oxygen in meat is linear. This linear decrease is proven to
fit the parallel model. Structure D is several adjunct columns of fat parallel normal to the diffusion direction.
The effective diffusivity obtained for oxygen in meat with fat distributed this way, undershoots the parallel
model until the fat percentage is 50% where the effective diffusivity is equal to the one of obtained from fat
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distribution B.
The effective diffusivity of oxygen in meat with fat distribution E, follows the serial model when the fat
percentage is less than ≈ 5% The effective diffusivity of oxygen in meat, for fat distribution D, meat the
same diffusivity obtained from the effective diffusivity calculated from fat distribution E at a fat percentage
of 50%, which is expected as these distributions then are the same. The effective diffusivity of oxygen in
meat with fat distribution D undershoots the parallel model, but for fat percentages less than ≈ 3% it
follows serial model.
When the fat is structured with fat distribution E can be split in two regions - One row of muscle and
one row of columns of fat and muscle. The region with fat and muscle, takes one value of diffusivity
Dregion =
1
2
(Dmuscle + Dfat) as the colums are placed ∆x apart which could be the reason for the effective
diffusivity calculated from meat with fat distribution E, tends towards the same value obtained from fat
distribution B, at 50% fat.
When the diffusion equation is modelled by the generalized flux equation, the system easily becomes unstable.
To keep the system stable without Matlab crashing, ∆x was increased, resulting in some error in the result.
This is evident from the effective diffusivity of oxygen in meat with fat distribution D, where the value begins
to increase at ≈ 40% fat.
It is also worth noting, that difference in the results for fat distribution A and D. Both fat distributions
imples, there only is a concentration gradient in the diffusion direction. However, the effective diffusivity of
oxygen in meat is not the same.
In figure 6.2 the concentration, flux, and concentration divided by the solubility calculated from fat distri-
bution A at 50% fat, is illustrated.
(a) Concentration (b) Flux (c) Concentration/-
solubility
Figure 6.2: Illustration of (a) the concentration, (b) flux (c) and concentration divided by the
solubility, for all positions, when the system is in steady state. The concentration of fat is 50%
and is structures by fat distribution A
Corresponding plots is made for meat with fat distribution D at 50% fat (figure 6.3)
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(a) Concentration (b) Flux (c) Concentration/-
solubility
Figure 6.3: Illustration of (a) the concentration, (b) flux (c) and concentration divided by the
solubility, for all positions, when the system is in steady state. The concentration of fat is 50%
and is structures by fat distribution D
By comparing figure 6.2 and 6.3, it is evident that the flux is takes a higher value with fat distributed D, than
A. Considering figure 6.3c, it seems that for fat distribution D the system is considered as one substance,
while for fat distribution A, two substances is detected in figure 6.2c.
It makes sense that figure 6.3c shows a linear tendency. Each column of fat is placed ∆x apart, which makes
the diffusivity in the diffusion direction a constant value
Dxsystem =
1
2
(Dmuscle +Dfat) (6.2)
and the same argument is made for the solubility
Sxsystem =
1
2
(Smuscle + Sfat) (6.3)
Further it also makes sense that the effective diffusivity obtained from fat distribution B, D and E are equal
when the fat percentage is 50%. As the mean value of the effective diffusivity in the diffusion direction is
equal for those fat distributions.
Flux by Ficks First Law
The effective diffusivity obtained from the diffusion modelled with Fick's first law seems less affected by
varying the fat distribution and concentration.
We already know that the behaviour of the effective diffusivity of oxygen in meat, with fat structure with fat
distribution A and B, follows the suggested mixing models: the serial model and the parallel model.
The effective diffusivity obtained from meat with fat distribution A - coherent column of fat perpendicular
to the diffusion direction - gives a lower value, than the one of meat with fat distribution B - coherent row
of fat parallel to the diffusion direction.
The fat distributions B and E, gives an effective diffusivity which is well predicted by the parallel model,
while the fat distribution D and F both undershoots the parallel model with a small difference.
Diffusion modelled with Fick's first law, do not consider the different values of the solubility of oxygen in
muscle and fat.
Summary
For the effective diffusivity of oxygen in meat. The effective diffusivity calculated from the diffusion model
with the generalized flux equation, the serial model and parallel model are representing a lower and upper
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bound. For all fat percentages, the parallel model is a upper boundary, while the serial model predicts the
effective diffusivity of oxygen in meat with an deviation less than 10% when the fat percentage is ≤ 20% as
illustrated in figure 6.4
Figure 6.4: Illustration of the error (10%) from the serial model together with the effective
diffusivity obtained from fat distribution C, F and G
The percentage in which the two mixing models differ from each other, from 0 − 20% fat is illustrated in
figure 6.5
Figure 6.5: The difference (%) in which the serial model differs from the parallel model from
0 to 20% fat
which means that the fat percentage, for whatever distribution implemented in this thesis, the effective
diffusivity of oxygen in meat, is predicted to be in a region bounded by the two mixing models, which gets
smaller as the fat percentages decrease.
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The effective diffusivity calculated from diffusion modelled by Fick's first low, seems is less affected by the
fat distributions. But as expected, the effective diffusivity of oxygen in meat, tends towards the diffusivity of
oxygen in fat, as the fat percentage increases. The values of the effective diffusivity of oxygen in meat obtained
from the diffusion model by the generalized flux equation, takes lower values than the values calculated from
the diffusion model by Fick's first law.
The results from both diffusion models, shows how the effective diffusivity of oxygen in meat decreases, as
the fat percentage increases, which was expected as fat has a lower diffusivity than muscle. It is also not
surprising that the effective diffusivity from the model with the generalized flux equation takes lower values,
as the oxygen uptake in fat becomes dominant. However, it is evident that Fick's first law is not sufficient
when oxygen transport through meat is modelled.
6.4 Further Discussion
There are a great variety of substance distribution in meat, which can be implemented, and the ones in this
thesis is some of them. Calculating the effective diffusivity of oxygen in meat for more structures, would
perhaps reveal more about the effect, the distribution and concentration have on the effective diffusivity of
oxygen in meat.
For further investigations, the different substances in meat can be detected with light microscopy, giving the
spatial distribution of those.[50] This can be implemented into the numerical model of the diffusion.
If the distribution and concentration of fat is known for specific samples, measurements can be performed,
with the purpose of obtaining the effective diffusivity. This can be compared to the mixing models, to see
where they fit.
The diffusion models in this thesis, neglects all chemical reactions between oxygen and the substances in
meat. by adding a reaction term to the diffusion equation, these reactions can be implemented into the
model.
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7 Conclusion
The effective diffusivity of oxygen in meat was obtained from the numerical solution to the diffusion equation.
This equation was based on two different constitutive relations of the flux: The proportionality between the
flux and the gradient in the chemical potential (the generalized flux equation), and the proportionality
between the flux and the gradient in the concentration (Fick's first law). Seven distributions of fat were
tested and studied to determine how the effective diffusivity of oxygen in meat depends on the distribution
and concentration of fat.
The effective diffusivity of oxygen in meat, calculated from the diffusion model with Ficks's first law, showed
little dependence on the fat distribution. As expected, the values of the effective diffusivity converged
towards the diffusivity of oxygen in fat. The corresponding results, calculated from the diffusion model with
the generalized flux equation, showed that the effective diffusivity of oxygen was dependent on how the fat
was distributed. The values for the effective diffusivity converged towards the diffusivity of oxygen in fat. In
general, the effective diffusivity of oxygen in meat calculated from the diffusion model with the generalized
flux equation was less than, or equal to, the effective diffusivity calculated from the diffusion model with
Fick's first law. Fick's first law is a special case of the generalized flux equation, where the solubility of the
substances is considered equal. Because the solubility of oxygen in fat is six times higher than the oxygen
solubility in muscle, and since the effective diffusivity of oxygen in meat calculated from the two diffusion
models differ, it is concluded that Fick's first law is not sufficient for modelling oxygen transport through
meat.
This thesis presented two mixing models with the purpose of predicting the effective diffusivity of oxygen
in meat: the serial model and the parallel model. The parallel model proved to be an upper bound for all
values of the effective diffusivity of oxygen in meat calculated from the diffusion model by the generalized
flux equation. The serial model is considered to be a lower bound for values of the effective diffusivity of
oxygen in meat. For fat ≤ 20%, the lower bound has an error < 10% compared to the calculated values of
the effective diffusivity of oxygen in meat.
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8 Further Thoughts
The one dimensional model and the parallel model, are mixing models based one rigid structures. Another
model, predicting the effective diffusivity of oxygen in meat can be suggested.
The principle of considering different sections of the structure independent of each other is used here. In
figure 8.1, a structure is split into N sections each with a varying amount of muscle and fat.
Figure 8.1: Structure divided into N sections, each with a different structure.
Then the diffusivity for each section Dsection is calculated by the One Dimensional Model.
The effective diffusivity is then given by the fraction, of the total structure each section fills.
Deff =
(
L1
L
)
D1section +
(
L2
L
)
D2section + . . .+
(
LN
L
)
DNsection (8.1)
If each section is considered to be infinitesimal high, the effective diffusivity of oxygen in meat is expressed
as
Deff =
1
L
∫ L
0
Dy
′
section dy (8.2)
This model allows a great variety og structures. As an example of a structure, in which the effective diffusivity
of oxygen in meat, is calculated by the MP-Model is illustrated in figure 8.2. Here section one consist only
of muscle, section two of fat and muscle, and section one and two is of equal size.
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Figure 8.2: Example of a structure in which the MP-Model can be used to predict the effective
diffusivity of oxygen in meat
Flux by the constitutive relation
Section one is still given by
D1section = Dmuscle (8.3)
And section two is given by equation 4.59
D2section =
L(
L− Lfat
SmuscleDmuscle
+
Lfat
SfatDfat
)
Ssystem
(8.4)
Giving the an expression for the effective diffusivity
Deff =
1
2
Dmuscle +
1
2
L(
L− Lfat
SmuscleDmuscle
+
Lfat
SfatDfat
)
Ssystem
(8.5)
equation 8.5 is plotted in figure 8.3
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Figure 8.3: The effective diffusivity of oxygen in meat is calculated from structure 8.2 by
equation 8.5
Flux by Fick's first law
The diffusivity for section one is
D1section = Dmuscle (8.6)
and for section two the equation is derived from the One Dimensional Model
D2section =
L
L− Lfat
Dmuscle
+
Lfat
Dfat
(8.7)
which leads to the expression for the effective diffusivity of oxygen in meat
Deff =
1
2
Dmuscle +
1
2
L
L− Lfat
Dmuscle
+
Lfat
Dfat
(8.8)
In figure 8.4 equation 8.8 is plotted as a function of fat percentage in section two.
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Figure 8.4: The effective diffusivity of oxygen in meat, calculated from structure 8.2 by equation
8.8
Comparison of the models
In figure 8.5, equation 8.8 and 8.5 is plotted together. Here it is evident that the effective diffusivity in
general is lower, when solubility is included in the model.
Figure 8.5: The effective diffusivity from equation 8.8 (red) and from 8.5 (blue).
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9 Appendix
9.1 Moving the differentiation into the integral - proof
This is the proof of how the differentiation is moved under the integral sign
Consider the integral of a function f(x, t) ∫ x2
x1
f(x, t) dx (9.1)
where f(x, t) and the partial derivative of f(x, t) is continuous, x1andx2 being constant. Then the derivative
of the integral is
d
dt
∫ x2
x1
f(x, t) dx (9.2)
By the first fundamental theorem of calculus[46]
d
dt
(
F (x2, t)− F (x1, t)
)
=
∂
∂t
F (x2, t)− ∂
∂t
F (x1, t) (9.3)
=
∫ x2
x1
∂
∂t
f(x, t) dx (9.4)
Q.E.D.
9.2 End proof to the continuity equation
This proof is based on the definition of continuity [51]:
Let E be nonempty and E ⊂ R, f : E → R
f is continuous at a point a ∈ E if and only if a given  > there is a δ,f,a > 0 such that
|x− a| < δ and x ∈ E ⇒ |f(x)− f(a)| < 
if f(x) > 0, then by continuity it must be possible to choose a point a such that |f(x) − f(a)| < , but as
epsilon can be chosen infinitesimal small, the value of f(a) cannot be negative.
The same argument goes if f(x) < 0
Q.E.D.
9.2.1 Proportionality of flux and mobility
Consider the generalized flux expression
J = −M∇µ (9.5)
With the chemical potential given for an ideal gas
µ = µ−	− −RT ln
(
c
Sp−	−
)
(9.6)
the flux is
J = −MRT∇
(
c
Sp−	−
)
(9.7)
=
−MRT
c
∇(c) (9.8)
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From the continuity the following is true in steady state
J = −D∇c = constant (9.9)
As the flux is equal, the following relation is deduced
D =
MRT
c
(9.10)
⇒ DC = RTM (9.11)
Which means that Dc ∝M
9.3 Diffusion Equation by Finite Difference
The concentration is as function of time and space c(x, t), where t and x are continuous. The finite difference
method solves for c(xi, tn), where discrete values xi and tn are considered, instead of the continuous functions
for time and space. Let xi and tn be defined as followed
xi = i∆x (9.12)
tn = n∆t (9.13)
where i and n is the number of grids in the x-direction, and number of time-steps respectively. ∆x and ∆t is
the length of each spatial-step and time-step respectively. In figure 9.1 an illustration of this idea is presented
Figure 9.1: Illustration of a space-grids and time-grids
Consider the following approximations, using finite difference. First the second order derivative
∂2c(x, t)
∂x2
∣∣∣∣
xi,tn
≈ c
n
i+1 − 2cni + cni−1
(∆x)2
(9.14)
And then the first order time derivative.
∂c(x, t)
∂t
∣∣∣∣
xi,tn
≈ c
n+1
i − cni
∆t
(9.15)
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The first approximation is made for the homogeneous structure, for diffusion modelled by Fick's first law.
On the right side, we have a second order partial derivative of concentration over space. Using the central
method (for position) twice, the following approximation is achieved.
∂2c(x, t)
∂x2
∣∣∣∣
xi,tn
≈ c
n
i+1 − 2cni + cni−1
(∆x)2
(9.16)
and using the forward method (for position) for the left side of equation 3.49
∂c(x, t)
∂t
∣∣∣∣
xi,tn
≈ c
n+n
i − cni
∆t
(9.17)
By inserting equation 9.16 and 9.17 into equation 3.49, it is possible to isolate the concentration for the time
t+ 1
cn+1i =
(
∆t
Dmuscle(∆x)2
)(
cni+1 − 2cni + cni−1
)
+ cni (9.18)
For two dimensions
(
∇ =
(
∂
∂x
,
∂
∂y
))
, the approximation for the terms describing diffusion in the y-
direction, is derived in the same way, as for the x-direction.
cn+1i,j =
(
∆t
Dmuscle(∆x)2
)(
cni+1,j − 2cni,j + cni−1,j
)
+
(
∆t
Dmuscle(∆y)2
)(
cni,j+1 − 2cni,j + cni,j−1
)
+ cni,j (9.19)
When the structure is inhomogeneous, the diffusivity has to be included in the differentiating. For the one
dimensional diffusion equation by Fick's first law
cn+1i =
∆t
Dmuscle(∆x)2
(
Di+1/2(c
n
i+1 − cni )−Di−1/2(cni − cni−1)
)
+ cni (9.20)
An by the generalized flux equation
cn+1i =
∆t
Dmuscle(∆x)2
(
Si+1/2Di+1/2
(
cni+1
Si+1
− c
n
i
Si
)
− Si−1/2Di−1/2
(
cni
Si
− c
n
i−1
Si−1
))
+ cni (9.21)
The diffusivity and solubility between the grid point are defined as
Di+1/2 ≈ 1
2
(Di+1 −Di) +Di = 1
2
(Di+1 +Di) (9.22)
Di−1/2 ≈ 1
2
(Di −Di−1) +Di−1 = 1
2
(Di +Di−1) (9.23)
Si+1/2 ≈ 1
2
(Si+1 − Si) + Si = 1
2
(Si+1 + Si) (9.24)
Si−1/2 ≈ 1
2
(Si − Si−1) + Si−1 = 1
2
(Si + Si−1) (9.25)
The two dimensional expression is then, for diffusion by Fick's law
cn+1i,j =
∆t
Dmuscle(∆x)2
(
Di+1/2,j(c
n
i+1,j − cni,j)−Di−1/2,j(cni,j − cni−1,j)
)
+
∆t
Dmuscle(∆y)2
(
Di,j+1/2(c
n
i,j+1 − cni,j)−Di,j−1/2(cni,j − cni,j−1)
)
+ cni,j (9.26)
and with the generalized flux equation
cn+1i,j =
∆t
Dmuscle(∆x)2
(
Si+1/2,jDi+1/2,j
(
cni+1,j
Si+1,j
− c
n
i,j
Si,j
)
− Si−1/2,jDi−1/2,j
(
cni,j
Si,j
− c
n
i−1,j
Si−1,j
))
+ cni,j
+
∆t
Dmuscle(∆x)2
(
Si,j+1/2Di,j+1/2
(
cni,j+1
Si,j+1
− c
n
i,j
Si,j
)
− Si,j−1/2Di,j−1/2
(
cni,j
Si,j
− c
n
i,j−1
Si,j−1
))
+ cni,j (9.27)
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9.4 Matlab Scripts
Solving the Diffusion Equation
Flux derived from the generalized flux equation
1 %structure two with solubility
2 clear
3
4 %spatial information in x-direction
5 x_tot = ; %length dimensionless
6 N_grid =; %#grid
7 dx = x_tot/N_grid; %grid size
8
9 %Time information
10 tid =; %dimensionless time
11 dt=; %timestep
12 NumSteps = floor(tid/dt); %number of timesteps
13 nsample = NumSteps;
14
15 %spatial information i y-direction
16 y_tot = 1; %length
17 dy = y_tot/N_grid; %grid size
18
19 %characteristic diffusion constant
20 D_meat = 1;
21 %fat diffusion consyant
22 D_fat = 1/4;
23
24 S_meat = 1;
25 S_fat = 6;
26
27 %alpha constants
28 alphax = (dt/(dx^2));
29 alphay = (dt/(dy^2));
30
31 D = ones(N_grid,N_grid);
32 S = ones(N_grid,N_grid);
33
34 for r =
35 cnow = zeros(N_grid,N_grid); %grid with current concentrations
36 cnow(1,1:N_grid)=1; %initial conditions
37 cnext = cnow; %Defining a new grid with concentrations
38 J = zeros(N_grid,N_grid);
39
40 m = 1;
41 for n = %time loop
42
43 for j = 2:N_grid-1 %y-loop
44 for i = 2:N_grid-1 %x-loop
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45
46 %No flux condition
47 cnext(1,1) = cnext(1,2);
48 cnext(i,1) = cnext(i,2);
49 cnext(N_grid,1) = cnext(N_grid,2);
50
51 cnext(1,N_grid) = cnext(1,N_grid-1);
52 cnext(i,N_grid) = cnext(i,N_grid-1);
53 cnext(N_grid,N_grid) = cnext(N_grid,N_grid-1);
54
55 %calculating the diffusivity and solubility between grids
56 Dxp = (1/2)*(D(i+1,j)+D(i,j));
57 Dxm = (1/2)*(D(i,j)+D(i-1,j));
58
59 Dyp = (1/2)*(D(i,j+1)+D(i,j));
60 Dym = (1/2)*(D(i,j)+D(i,j-1));
61
62 Sxp = (1/2)*(S(i+1,j)+S(i,j));
63 Sxm = (1/2)*(S(i,j)+S(i-1,j));
64
65 Syp = (1/2)*(S(i,j+1)+S(i,j));
66 Sym = (1/2)*(S(i,j)+S(i,j-1));
67 %calculating the concentration change
68 dcx = ...
alphax*(Sxp*Dxp*((cnow(i+1,j)/S(i+1,j))-(cnow(i,j)/S(i,j)))-(Sxm*Dxm*((cnow(i,j)/S(i,j))-
69 (cnow(i-1,j)/S(i-1,j)))));
70 dcy = ...
alphay*(Syp*Dyp*((cnow(i,j+1)/S(i,j+1))-(cnow(i,j)/S(i,j)))-(Sym*Dym*((cnow(i,j)/S(i,j))-
71 (cnow(i,j-1)/S(i,j-1)))));
72
73 %calculating the concentration grid for next time step
74 %cnext(i,j) = ((1/D_meat)*(dcx + dcy)) + cnow(i,j);
75 cnext(i,j) = (dcx + dcy) + cnow(i,j);
76
77
78 end
79 end
80
81 %the next iteration cnext overwrites cnow
82 cnow = cnext;
83
84 %Boundary constants
85 cnow(1,j-1) = 1;
86 cnow(1,N_grid) = 1;
87 cnow(N_grid,j-1) = 0;
88 cnow(N_grid,N_grid) = 0;
89 end
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Flux described by Fick's first law
1 clear
2 %spatial information in x-direction
3 x_tot = ; %length dimensionless
4 N_grid =; %#grid
5 dx = x_tot/N_grid; %grid size
6
7 %Time information
8 tid =; %dimensionless time
9 dt=; %timestep
10 NumSteps = floor(tid/dt); %number of timesteps
11 nsample = NumSteps;
12
13 %spatial information i y-direction
14 y_tot = ; %length
15 dy = y_tot/N_grid; %grid size
16
17
18 % x = linspace(0,N_grid*dx,N_grid);
19 % y = linspace(0,N_grid*dy,N_grid);
20 % t = linspace(0,NumSteps*dt,NumSteps);
21 % [X,Y]=meshgrid(x,y);
22
23
24 %alpha constants
25 alphax = (dt/(dx^2));
26 alphay = (dt/(dy^2));
27
28
29 D = ; %Diffusivity matrix
30
31 cnow = zeros(N_grid,N_grid); %grid with current concentrations
32 cnow(1,1:N_grid)=1; %initial conditions
33 cnext = cnow; %Defining a new grid with concentrations
34
35 for n = 1:NumSteps-1 %time loop
36
37 for j = 2:N_grid-1 %y-grids %y-loop
38
39 for i = 2:N_grid-1 %x-grids %x-loop
40
41 %No flux condition
42 cnext(1,1) = cnext(1,2);
43 cnext(i,1) = cnext(i,2);
44 cnext(N_grid,1) = cnext(N_grid,2);
45
46 cnext(1,N_grid) = cnext(1,N_grid-1);
47 cnext(i,N_grid) = cnext(i,N_grid-1);
48 cnext(N_grid,N_grid) = cnext(N_grid,N_grid-1);
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49
50 %Calculating the change in diffusivity between grid points
51 %D(x+1/2) & D(x-1/2)
52 Dxp = (1/2)*(D(i+1,j)+D(i,j));
53 Dxm = (1/2)*(D(i,j)+D(i-1,j));
54
55 %D(y+1/2) & D(y-1/2)
56 Dyp = (1/2)*(D(i,j+1)+D(i,j));
57 Dym = (1/2)*(D(i,j)+D(i,j-1));
58
59 %calculating the concentration change in each direction
60 dcx = alphax*(Dxp*(cnow(i+1,j)-cnow(i,j))-(Dxm*(cnow(i,j)-cnow(i-1,j))));
61 dcy = alphay*(Dyp*(cnow(i,j+1)-cnow(i,j))-(Dym*(cnow(i,j)-cnow(i,j-1))));
62
63 %calculating the concentration grid for next time step
64 %cnext(i,j) = ((1/D_meat)*(dcx + dcy)) + cnow(i,j);
65 cnext(i,j) = (dcx + dcy) + cnow(i,j);
66
67 %for the next iteration cnext overwrites cnow
68 cnow = cnext;
69
70 end
71 end
72
73 %Boundary constants
74 cnow(1,j-1) = 1;
75 cnow(1,N_grid) = 1;
76 cnow(N_grid,j-1) = 0;
77 cnow(N_grid,N_grid) = 0;
78 end
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Calculating Flux
Flux derived from the generalized flux equation
1 %Diffusivity and solubility between grid points
2 Dh = (1/2)*(D(i+1,j)+D(i,j));
3 Sh = (1/2)*(S(i+1,j)+S(i,j));
4
5 Dh1 = (1/2)*(D(2,j)+D(1,j));
6 Sh1 = (1/2)*(S(2,j)+S(1,j));
7
8 %calculating the flux
9 J(i+1,j) = -Dh*Sh*(((cnext(i+1,j)/S(i+1,j))-(cnext(i,j)/S(i,j)))/dx);
10
11 %Flux at the boundaries
12 J(i,1) = J(i,2);
13 J(i,N_grid) = J(i,N_grid-1);
14 J(N_grid,1) = J(N_grid,2);
15 J(N_grid,N_grid) = J(N_grid-1);
16 J(1,1) = J(1,2);
17 J(1,N_grid) = J(1,N_grid-1);
18 J(2,j) = -Dh1*Sh1*(((cnext(2,j)/S(2,j))-(cnext(1,j)/S(1,j)))/dx);
19 J(1,j) = J(2,j);
Flux by Fick's first law
1 %calculating diffusivity between grid points
2 Dh = (1/2)*(D(i+1,j)+D(i,j));
3 Dh1 = (1/2)*(D(2,j)+D(1,j));
4
5 %calculating the flux
6 J(i+1,j) = -Dh*((cnext(i+1,j)-cnext(i,j))/dx);
7
8 %Flyx at the boundaries
9 J(i,1) = J(i,2);
10 J(i,N_grid) = J(i,N_grid-1);
11 J(N_grid,1) = J(N_grid,2);
12 J(N_grid,N_grid) = J(N_grid-1);
13 J(1,1) = J(1,2);
14 J(1,N_grid) = J(1,N_grid-1);
15 J(2,j) = -Dh1*((cnext(2,j)-cnext(1,j))/dx);
16 J(1,j) = J(2,j);
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Choosing steady state
1 defining a boundary value
2 bound = ;
3
4 %the mean flux of the system
5 ref = mean(mean(J(:,2:N_grid-1)));
6
7 %requirements fot the system to be in steady state
8 if abs(mean(J('number',:))-ref)/ref < bound
9 break
10 end
Calculating the effective diffusivity
Flux derived from the constitutive relation
1 D_eff = (mean(mean(J(:,:))))/((mean(mean(S(:,:))))*(mean(cnow(1,:))/(mean(S(1,:)))));
Flux described by Fick's first law
1 D_eff = (mean(mean(J(:,:))));
Random Structure
1 for a = 1:100000000
2 s = (randi(numel(D)));
3 if D(s) == 1/4
4 continue
5 elseif D(s) == 1
6 D(s) = 1/4;
7 S(s) = 6;
8 break
9 end
10 end
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